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Fomoj! fcbe^P^blo.    üsin^j aiatrtx notation, the Btandard problem 

may be wittan 

(1) Mtelffllae ^)     "■    b0 

subjeet to     wA       >     8 

and w      i     09    w integer 

where b Is an m X 1 «ülaan vector, b., is a sealap, e   and 0 are   IXn row 

sector's, A    is an mXn reetangular matrix, and w is a IXn row vector 

whose values ws wish to find so as to aehieve the minimiaation objeetive 

and satitify the constraining conditions of (IK   ft« fact that w must be 

LntegBSrl distinguishes the probloiii from the general linear progranming 

probloa which allows w to have fractional components,, 

for the purpose of this paper we define the mX(m * n) augmented 

matrix A ?uid the IX(m * n) augmented veetor e by 

A   *    (A0     I)s e   *    (e0   0), 

(where I is the mXm identity matrix.) and rewrite (1) as 

(2) MXaisd&e    vb     «     b 

subjeet to       Wä     >     e*    w .Integer, 

We a&euü.« without loss of gensraUty that ihs auuaented iDa,trix (-b     A) is 

leixi»graphically negativ by row„ for If it is not   it may readily be 

made so    (s«« [IJ) .    Foliowirag GoEiory's terminology    [3]» w® will sail 

our method an ail-iritsger algoritta, for wß addltioeally require that all. 

elements of A, 'bt and e bs integral, or at least eonmsnsurable,,    In praetieal 

terns this is of course no restriction s.ln?e numbers are reprasenfeed \jn 

the eomputer with flnit» decimal expansions in any case» 

Tools o:f the Algprithm. 

1,   A set of transformations whish will change the problem into a 

new problem In nonnegatlve variables so thai any optimal integer solution 



to th« mm psvblm psro'd.cles an optimal integer sSoluiion to th« original» 

and sornQrimltft    We will «aU these transfurfra.t.lons elemertaJ femnsfomations- 

P.. A pyoaedaral rule (soispled with a nile of «■hove.«] for applying 

ths elemesial transformations in order to create1 a new problem containing 

a fautaaatrix of a spcsfal fonua vMeh we vlil «all the bounding fom, 

3« A process pallöd the bound escalation method lor operating 

on the bounding toxin to sspplj lower boynd rallies for .some set of th« 

problem icariaÄas™ 

Thus the aigorithJE m&y be roughly skstehed as follows, 

1«    Apply a series of el.fim*niai transformalions to obtain an 

«quisalent problasi in new varlafclee which asdilfaits a bounding form matrix. B.. 

2s    Apply tha bound e8&a.lat.ion method to B„    At the end of the 

pro-ess th« lower bound walaes sselgmd to a subset, of the problem fariabloc 

vill eaHsfy all the eohstrain&e. associated with D= 

'In   Adjust the a irestor to reflect the assignaent of lowsr boumds 

estabi'she"d In 2,    If e besom^s nonpoaitive, the problem is solved. 

Otherwise,, return to 1 and repflöt« 

Sftferai features of the algorithm may he- notedo First,, th* problara 

is solwed dirsetlji, l»».s no refersnft« is made to the dual,, Second, th^re 

is no plwotiAg prom®," In Its t'Cbtomarj fonc, 

Thus., the 8l«B&ntal traaafoxiaatJons are applied until th« problem ia 

ready for fete boond eacalatlon laethod, and then ihp raaoWnery for th« 

laHsr is net into aetion.    Those who wish aay relate thsss two steps to 

a torn of def»ryeid pivoting and atobrwiatod pivcling, respö-liwiy,., bv,t 

altempts to $al?agv th« piloting concept, art) lnes8«ntial to anders sanding 

tSw p.TO.i»öas,    IMrd, no us« is mad* of siads variabl^c  to t. ran-for;: 

lne«v«iilone  ir.lo equ^ticas,     Fourth., the tnetlio« v» rkf, ^ennraJly to 



Batisf^ some set oJ," sorisf;.faints slaaiitamousJ^ with the bouiwi e8«alatlin 

raeUiod .rather than taking the moj* narrow Jamedlate vl.ew of satisfying 

a single eonsirainto    Fiftho the bound eseatatloa method leaves all 

eonstreSnts of the bounding form satisfied, whereas the pivoting pix^etis 

of other Integer algorithiris /nay not in one r-tap completely satisfy 

the acnstraint to which they are applied.,   Sixth» behause thax'e is no 

eustoraary pivot operation, a choice among eligibla pivotal eonstrainfefe 

is raplaeed by a ehoiee of another sort, i.e,,,, that of thei 8eq«sne# 

ö£ alacaental transfo mat Ions with Khieh to GEtablish a bounding form. 

We will now lay down, the basis of the alforifchnu    Proofs of the 

lanraas to follow will be fo'ind in appendix 3» 

fionaider tlw set of trans forms   T     «     { T^,    T^s },   rvs * 1, 2.. 

r   *   a, where w« define th<s 'components t,. ,. of the mXm matrix   T,      by 

i     i "l ! 
•i . j 
Ij I    &. .   (the Krone<Bker delta) othende«. 

"or fWMple,,  If   m * 4 W taay writ© 

/ J        o        Ö 

,1 /     i.) I 0 

^    ...      1 1 
s » ' ,' 

v-   0 ') 0 3    / 

0       ■'     "if" f 

\i   '!.« fiHiU'* ö^ ,A  ax/sept   «s; rw. r    ;'i> whi'*b ihm toe ^omp^nents of i.' 

. 0 

,i- 
r 1 r ' ^ j 

■'{  tv w edil't'ona and sut^t r^r"* ion.. If. tf.e- A m,-it-?x, as can be sew by  f.-'i« 



foregoing ranarkBo 

We now introduce the following two problon« 

(3)     Minimiaa     wb     ^     b 

subjeet to       wA     >     e 

and 

U)     Minimise     z(Rb)     *     b0 

subjeet to       a(HA)     >     e, 

whleh w« relate by the following two lenmiaso 

Laaama 1»    Assume that (3) and (k) have finite optima, and that R nay be 

deffomposad into a produet of elemental transfonnationso    Then the sector 

v* Is a; feasible (optimall/soluiion of (3) if and only if z*   *-   w*R 

is a feasible (optimal) integer solution of U),, 

Leama Jj   Let R be any transformation for whieh Lemma 1 ie universally 

true for the standard integer programming problem of foranilation (1) 

(i,e(l: for any A „ b, and e   satis,fyi.ng the finite optima restriction)f 

and let R   be o&taljied from R by reindexlng two columns of R.    Then either 

R or H   ean b« expressed as a product of elemental transformations. 

Sinee retndexing two eolumna of R corresponds to reindexing two 

rows of the augmented matrix (b     A), and sinee the latter mer«lj 

ehanges the order in whidh we list the variables without changing the basif 

problem in (3)« L^sna 2 shows that there is a form of universality 

inherent in the tlemsntal transfomatlons in their application to the 

integer programming problem,, • 

For the present algorithm we wish to restrict R somewhat mor« than 

in Lassas 1 and 2c,    To facilitate the ensuing dlseussion we record problems 

iJ) and U)9±IOüüI« respectively,  in the»tabular forue 



(3li} r"1"'""""-" 

U") 

|       '    [ . j 

and define the augmented matjrieee corresponding U, the upper fwrtlons 

of (3") and U") to be the tableau matriges of problems (3) ano (4),. 

We obserm that th« first eolumn of the table (3») eorreeponds to the 

objeetitre function     wb    *•   b , and that the s-aeaeseiw eoltrane identi/y 

the eonstraints given bj the matrix inaquation   wA   >   e» 

One of the restrictione we wish to put un E is that the tableau 

matrix of (h) is lexieographicallj   negative (by rov) -whenewr the 

tableau matrix of (3) is lexteographlcally negative.    The other Is thai 

the neeessity for any feasible solution of (3) to be ncnrngatlve implies 

that say feasible solution of (4) will be also. 

If we faetor S inte aismentai transformaitloßs, we bee that 

we are aasured of both of these provided each sucseseive faetor of H 

assures then!»    For alter eaeh step we may redefine A and b to equal 

the iiiatrijc and vector RA and Rb just obtained, and reapply the result , 

By means of this reasoning we take fear« of the nonnagafcivity restriction in 

LeamJIo    Aasimia that any feasible solution of (3) must be nonnegathrai, 

asjd let 2* deniifee any feasible solution of U)»    Than z*   >   0 is implied 

by either of the following. 



(i)      R   <»    T-.      i*or any r and e    fr f- s).. 

(H)     R   «•   T_     and thare exists a    J    such that 

e,    >   0;,     a, ,   <   0 for 5    4   a,      and   -a ,   >   a ,   >   0, 

Lerania 5 says that we may always aesur« that z*   >   0 by 

subtracting one rw from another in the tableau matrix»    If we add one 

row to another we may still be aesured that z*    >   0 provided we identify 

a J sush thai    (a)    tf.   >   0, and    (b) the jth ßolumn of A will haice all 

eomponenta nonpositjue after the addition exeept a  .., 

This speeial form of th« Jth eolynm of A in sfanjunction with e,   >   C 

Is of particular interest to us.    It provides the fundamental unit of 

the framework on which we operate with the algorithm to eon^erge to an 

optimal solution.    Drawing on Lemma 3 we now show how we may manufacture 

this type of folumn by a sequence ef elemental imnsforms? sifflultaneoasly 

preserving the desired reetrlstlons on the problem form. 

Lemajp   Assume that (35 tx. has finite optima, satisfies the nonnegatlvity 

and lexicographlr ordering restrietIons, and that the component e. of e 

la positive.    Further assume that the tableam ma.trix consists entirely 

of Integers.    Then the following method defines an R in a finite number 

of stops so that problem (4)  satisfifts the sams restrietiona and so that 

the Jth «chMD of RA  sontakia exactly one positive fomponeni 

lo    Begin with    R   ->    L 

2     Seleet a poaitJve ».omponent of (a,,),: wher«? iai (a, J denotes 

th«  Jth  ecl-.tnin of A 

-      It tUetf! are no other pos'ti^e eiemen'-s in ^a   .)  the prowedur* 

is roiD&Ier-»!.    Otherwise pifk a s^dond ooeitiv« component of (a, .} and 
• J 

deft/ie the subscripts r arid s so that a ,, is the romponent associated 

with the iexieographUallv sraaiJer ro* of the tableau matrix and a  . is 



the eomponenfc aseoelated with the larger row.. 

4. lledeflm A and b to be T, A and 1% b (i.e-. subtract 

row 6 fron, row r ijn ths tableau matrix), redefim B to te T, PU and 

return to instruction 2.- 

It Is evident that thers maj be a rariety of ways for reducing the 

'-obwm (a.*.] to the desired form by the method of lerania h.  Borne of 

Aieh may be more effizient in tenns of the number of steps requi red 

than others.,    One iamediate way that wo«ld generally reduce the aumb«r of 

steps would be to replace Tt    jn instruction 4 by    (T,   ) <, where h is the 

largest lnt«'ger multiple of row s whieh whan subtracted from row f 

will leave the res\ilting jfew ^eetor lexi.eographi«a.D.7 negatis«,    However,, 

as we Bhall seea the different ways of redueing (a. ,,) also rnay be mons 

or Iftbs. efficient in terrris of the extent to which we can ©xploH th« 

BtruiSture of the resulting tableau matrix.    Hen«-1-? at, this point w« 

r-hoose not to be restrictive« 

• ^ -    .Si£ JI^MifiSJi^^ - 

Let D be a matrix whose columns correspond to some .subset of ih» 

columns of A,  and let d be the row wstor whish corresponds to -  m 

sxact.iy the saii^e way that toas D üjorresponds to A,    Furthei' «uprwi? (i) 

ea^ö 'fcoiwm of 0 ^jntaijtis «xaeliy one positive foaponent, and (ii    at least 

one of  the «ntrie-n of d  ' s posifctWo    Finally,   I«"  B be 'Vie raatHx 

obtains';! fnrin 0 )iy ^Umlnating all row.^ in whi'ch no positive .-Iwient 

appear;,      Then we define B to be a bounding [om of A . 

Ui the -rKKr^vx.   ü may consist of >i single -oLm'i of ."  ani fi a single 

positive   '-oniTKinent of the   s veetor« whi"?h Is tht "onfig'^ai-'-on >Jhi<-h 

...•juaa   i snows hot-,  "o manufacture•.    In this ^ase the ma-irix B consists 

o'ii * he  üinglie i'os'.tlse cjomponenfc of Ü,    WP obf.orv»- that   'he  inequation. 



iaij ->    r    copsLsti   ohi)pl>  cl  h i uJ sef  of *.)'<;  n. !i.-.t.^'.nüs  de^'in^l ;-•> 

«A    ■;»    c.    The bound ss-^ i?v. i OJ ; protftd'w«*  ;s b:i,död ...« the prififipie ! nat 

ws iaaj shrink w fco x .In. the same way that 1) was redueri to S, and r\*pi.;i:.:r 

wf.)   >   d   by    :<fl   ^   dp so that wheriwer we find an x' to satisfy the 

latter,  wa have iroplialtly a w* whieh satlisfieb the fomier.    Koraover,, 

the form of x   B emb.les us fcu find an x*, henie a H* ,.  sa«Jh that the 

eoMtrsini-Qg relation w   >   5^* must be satisfied by imy feasible 

solution of (?)„    'itie foXicwJr^i. laamas show how sudi a relation (inhlch we 

wi.Ll soon show how to exploit) may be developed,. 

Laiia)ai ^    Let Ü, B.  d, and x be given ae above     We assume 7>hat (?) has 

finite optima with all variables «jonstra.med nomegati«,    Then In a 

finite n'omber of etepa the. foilowtag proraedura will find f...rjßtraine;? 

low«!* boiuid fslues for the "oaponenfSE of w whlrh vrilJ  satisfy   wD    ;!    d,- 

I,,    Let   x   »   0, 

2=    If all, «omponentE of d ar® ncspositiife, go tu Instruvt'on t, 

Otherwls«,i, plek a. positiv® aomporento say d.i    (For «xpiiv/i tnee;v. a 

peasona&le rule is to let d. be the .Lsci-gesi. poeit'■<•■*> ■■■■arapomVK,) 

5,.    hi'Cifpmafit x.   by JSWL     < d ?%,,>>■ whei-« b.  .   13 th'S -mSqu© 

pcislt'?® eJeflier/t   If. the Jth ftoJaian of B,    Hefef.^n«4  i to be 

3    »    ■' d(/b,   > (b,    :.   wSisre (b ,)  la the k-h .»'■ow c-i" B    aad  ^f.iym f.o 2 

4.,    The lower boande for the psanpoiRynfes of » vAiith ffuri-B^nü. to 

jomponan^s of x are given by tbs x vector, th?- müa'r.sjig   lo-vf-" f>..v ncis 

arttig 0      '.A;   least one of the g'oaipon^nts of ä .ü-K^ t».?  ,;»)Bi1,
'TO   ' 

(The Next Page Is Pag« 10.) 



V:C: will  ilLusfrotc  (.he niet-sod  of   lemma   ? wi  !;  the 

foi owin^ exrimpie  problem,,  already in  tabular formo 

i r. r, 

I 
20 

15 

3 

,,7 
T •■■ 

   1 

1 24 

0 ■■-3 

^3  .rJi, 
:iü -8 

From re last   'wo columns we identify 9  bouadinp furm wt ich 

we  sc,   up in  a  sr» slier  (able  ("o demonsttßte the me I hod, 

~8 AW, 

52 

-t',U 

1 he successive mijncment« of  t:ie d vector .ire disown in  the 

RddiH iortül   rows below i he tioündinp form  and the  oru'intil d 

vecior.     Beside  each yeciior   is  rhe  incremerr   of   uie varin... 

ble wi ich  creared   that   vector  out   of    he  nrfvious  onf. 

Her.ce we end  !it> vcjth w-,   -  3 and  w-, = 5.,     If raay be veri- 

fied by substiiu( ion Khut  these VP'ucs,.satisfy the censi raints 

? sr;,v;c i . iied wi;'h  'he bound ing^fprfflj  and  in  fact in   rhis  case 

&?.■ isfV a~!   - >"' cons^ raints, oi'   the  nroblem^ 

.v/i'o   • ht    iTt'Coaure   iU5i   p,ivi:n  is  üufficieu*    ;o   find 



1 1 

'he desired lower bound values of w, the complete bound 

escalii ("ion meMiod is designed to shortcut this procedure 

by exploiting certain prorerties of the bounding form» 

ii/e turn to  a considera ion of these nronerties wi<h the 

following definitions, 

Leil 8 and B be bounding forms of h s-'Ch thafc B is a 

subnufCrix of £ (or the same PS E)0 Then we will call B a 

subform Of £„ 

If each row of the bounding form JB has exactly one 

positive cieraent, we will CE.11 B  a prime bounding fornu 

Similarly^ B will be called a prime subform of any bounding 

form &  if it is a subfona of £ and a prime bounding fornic. 

We note that ever1' bounding form hau at least one nrime 

subform, and also  ''sa1- every subfoxiri of o nrime bounding 

form is a prime subform«, 

In ^'ic following examoles of matrices with their as- 

sociated d vectors below themp (a) defines a bounding form0 

(b) defines a prime subfonn of (a)f and (c)9 though it 

may be abstracted from (a).; does no*
- define a brmndin^ form 

a? all since none of the  components of its d vector are DOS« 

i'ive.  Fin?llyy (d) fails to define a bounding form on two 

counts, i^he firs' column contains more than one nosi'ive 

component and he second row con ains none» However,, tie 

form of !he las two columns is such that wc may permissibly 

create ;. bounding form out of »hem by removing the second row0 



(a) 

(c) 

6 3 

-2 »1 

0 . ~5 

»5 3 

„. 3 

-3 

(b) 

(d) 

-1 -3 

2 ~1 

-1  3 

1 

2       -1 3 

Lemma 6,,    Let ß be a prime bounding forms  and B a  subforra of 

B0    Let  d be associated ';:itL B as before9  and define the 

vector r = GB" ",,     Ihen there exists a unique subfotai B* of 

Ä such, Lhat   (i) B'*'"x consists only of nonnegative componentss, 

(ii)  each  rk* is positive,   (iii)  if w*  is any feasible 

solti'ion of (3)s  then w.. **>   /sr^-^N,  where the index  % 

corresponds to k as  the indices of c corresnond to those of 

d*,,   (:y)  if any other suofonn B of £ sutisfies 'properties  (i) 

and  (.iii)^   then B* irüplie;? a value for each of  tfee components 

of w^  (in  the manner of (iii))ihat   is at  'east as large 

as  implied  by B 

Lemma  7,,       We use   ^he no'a'-iofü of the  preceding  lemma,  and 

let h be  the  vector associated with £ as d is associated 

wi'(.h 80    Then  ihe following meth^i finds the values of The 

r * 

rte assume for convenience that  £ is indexed   so  that 

its positive elemenlä  lie along  the nrjncipal diagonal,, 

K     Select  any positive h;  in  h  for which  the  subscript 



j  has not  been chosen  nreviouslVo     If none  exists,,  qo   fo 

instruction  -h 

20    Locate the corresfonding oosi'ive entry ess in i he 

ii mu   rix avid   reduce   the L mal rixlby   the Gaussi; n  reduction 

iiit:Mio<J  on   the  jth   row of H,     Ml e'ements of  f he  jth row 

become 0 excep;   the new 655,  which is 1„ 

3o     Kedefine ü and   }.  to be  the ra. trix and  vecior resul= 

'ing from s*ep2B   and   return   to  1c 

4C.    The va' ues of  the  Ti*  are  read directly from  the 

final   h veccr,     B*   is  identified as   the  snbforra of  li whose 

columns correspond   to  the 'positive components of hB  and 

r * is   the kth such  positive componento    We obtain  the cor» 

resi-ionding  lower bounds for w BS in   lemmr  6, 

We   remark   Iha»   in  ste;"»  2 above  if e ■ ■   'urns out   to 

be  rionf. osi tive  the problem  lacks  finite  optima  and  'he 

r^rocrss may be  '■ ei"niina tedo 

we  may   illustrate   the  foregoing method with  the same 

noblera used   to   illustrate    he method  of  lemma   5,     ^e wri'e 

be  ow or !y   'he bounding  forra8  which we  have  sndexed  lo cor- 

respond   ' u   the  s'^ec it ica lions of  lemma  7c 

24               -Ij 

lj:- SI, 

^              3'ij 

I' 

i 1 r 11 ' n   m (■ .1 <:■: V. ( 'it' 

• • 1. ,v-   ,1 n.!   1 !,' . Ill h.- 

■ • ■ n "i : 



19 

0 

42 

-a/: 

10/3 
t 

We obtain the integer  lower bounds for w,  and w^ by round- 

ing the given values 4"Wirds or w^ = 3,    W3 - 5,    In this 

case the bounds nvs t-ie same as f 1 und by  'he method of lemma 

H., which vif know sa isfy    he constraints of  the bounding 

fcan.,     ihis will no1   invariablv happen,  nor will the amount 

of coranutution required by  the two me'!iods usually be st1 

near!5' the same0    Generally sneaking,,  the bounds implied 

b" the Method of lemma 7 will fall swewhere below those 

implied by the me^^hod of  lemma 5o    On *he other hand,,   t'->ere 

mav be c^mnuiation&l savings of severs'   orders of magnitude 

bv using  the bounds of  lemma 7 to provide the mefhod of 

' enma  5 with a  head start,,     I'he extent of the ssvings will 

defend both on  the nature of  the E matrix of  iecima  7 and  its 

associated h vector»     In general;,  1 he method of  lemma  7 

should be b-passed only  if h has not more  than  a  single 

positive component h^   and  the  ratio h|/e:sis  less than 

or equal  no ]U 

With    he fo  lowing two definitions we complete f'e 

inventory of the tools of the bound escalation method, w'üch 

i s p r e .s e n T ed  i m m ed i a t e t y f c i I ow i. n g,, 

We will  cali   S  the ajj^i.! Lgn i sh ed bcujiTdj_n£ LSIZ'1 c'^ '• 

if  all  other  bounding t'cr^J   of i\  arc snbforris  of ii0    we will 

call   i he prime  subf-'irrr  t of .:,; a  waxinal   pririe   :i'.bfi'_nn if S 

!ia>   the same   .lumber of  ccti'mns as D has  row;.,,. 



The Bound iiscalation Method; 

10 Identify the distinguished bounding form B of A0 

2., Select a maximal prime subforra ü of B and apply the 

procedure of lemma 7 to £, (The me+hod of lemma 7 may be 

bypassed if h has only one positive comnonent hjfr and ^.i/p;; ~ 1°) 

3o Use the lower bounds obtained from sten 2 as starting 

values for the coninonents of x in lemma 5, define the 

srariirig value of d as o «. xß„ and anoly the method of 

lemma 5 ^•o the columns of B corresnonding to ED    If any 

consrrainrs of ü are left unsatisfied^ apply iemma 5 to all 

of Bc 

111=  Tr^isJ^ation of the Problem and Convergence to Optimali''yn 

We now show how to take advantage of the lower bounds 

produced by the bound, escflation procedure in the last stage 

of the algorithm,, Consider : he problem 

(5) Minimise wb <• b,, ■  w'b 

w0As subject to wA <? c 

We relate (5) to (3) by means of 

Lemma B*  Let w0 be any vectors, ancl assume the (3) and C5) 

have definite optima^ Then if w is a feasible (optimal) 

solution of (5)9 w* = w t    w0 is a feasible (optimal) 

solution of (3), and conversely,, 

Lemma 8 tells us that we may let w0 be the vector of 

lower bounds for w established by the bound escajalion pro» 

cedure and replace problem (3) by problem (5)o Since w*^ w0,, 

this will keep w = w* - w0  nonnegative» We know that 

the new c vector (equal to the old c - w0A) will be non- 

positive for all constraints associated with the old bounding 

form0 If anv components of c are still positive we may use 



the mpthod of  i ernma  'J  to i:rciUp a  bounding form ^hat i.s 

as,sociafed with a'   least one of  these coranonents,  and  reneat 

1 he process^    Suppose  fhat  on some  stef) of exchanging  (3) 

for  (5) it turns out   ihai   c    -    w0A becomes entirely non- 

po;..i * i ve.     Sine? with  each application of   lemma  3 we  have 

aKiiniained b J& 0..  akid alao constrained w to be nonnega*lye„ 

A a  : rivial op'-imai solution to (5)  is to let w    ~    0= 

'bus  to asöiue lha!   ihe algorithm works and  that we can 

lake advantage of it if ■»here are two probiems:    we must be 

able  ic  force c evemuali/ to become nonpositive9 and we 

uust  be  able  to salvage  the w* which gives  the optimal 

A, 
aolution to  the original problem given w    =    0 in the finals 

After formally outlining the steps of the algorithm we will 

address ourselves to these  two problems.-. 

1,,    t>et «.traint: whether all component a of c are nonpositiveo 

If so.,  w« are 'hrcugho    Otherwise,. 

2.,    Create a  bounding form by the method of  lemma 4.^ 

.Make any legltima'e row auditions as desired., 

3c     /'ip;.;!'/  the bound escalation method   ro  find a  lower 

bc;i:.:H!  vec'or w0 ^nich will   satisfy ail constrain*« of  the 

bounding  fori'U 

4,     Redefis.e by   to be w0b    *    bQj,   redefine c   (o be 

c     "    '.v''A,,   arid   re turn   fo  1, 

i.v.'le  C3J)  nrovides   'lie vehiclf   for the bookkeening 

o!    ■'*:■:  "ifjthoc1.,   i ;?■:!(   all  ufxlav5ng  is   handled  by adding or 

, d'; r-u:'• ing  •••ow.-;   iii   ('!") ,   foi lowed  by subtrac'ing  positive 



irueper linear combinations of the upper rows from the bottom 

row, 

'he fo'lowing lemma shows iha'- with the bookkeeping 

provided bv table (3')» the problem of finding 1he opfimal 

r-olutioii t'o the original problem given that w = 0 in the 

final bfCome5 t r1via!„ 

Lemma 9,. 'ihe optimal solution w* to the original problem 

is the negative of the vec-or in the final fable in the 

location corresnoBding to the rortiou of the c vector that 

was originally ihe 0 vector associated with the constraint 

V.J.   ^*     ür 

We complete the specification of how convergence to 

oprifflElity may be guaranteed with 

Lemma Itij, Assume that  (3) has      finite optima^ and  let   j be 

a  subscrini   for which some c , >'  0.   Then  if A,  bs  avid c are 

in egra] v,   any rale for generating bounding forms which spec = 

ifies   chat   1 he jth colu«ra of A is  eventually included in a 

bounding form will  assure "hat  an optimal solution will be 

found  in  a  finite number of stepSo     (Hie  inc'usion of c.  in 
J 

A. botinding forn  is  of course unnecessary  if c , j^ecoraejj non= 
j 

The freedom alloweti for selection smr^  ^i-Awr^tiwii 

■til  . -he algnr!. ■ tnn is immense,. We outline below the various 

provinces in «hich choice uccurSo 

C".Ja  In t';■.!? .selection of columns of A as candidates 

foi; translation in'o a bounding form,. 



C"2o In '"he sei cd ion of elemenfal transformations 

to creaie a bounding furnic 

C»3c  In the choice of when to apply 1 he bound 

escalation methods 

C»4C, In the choice of which maximal prime subforra 

to use in 'he first stage of the bound escalation method 

when more than one is avaiiableo 

lb obrain & problem solution expediently and efficiently 

there are several considerations which suggest how the range 

of alternatives may be narrowed^ We examine the fousr regions 

of choice in more detail below» introducing such consider- 

ations as we gOr 

C"l is perhaps one of the easier choiceSe Certainlyj, 

in the selection of columns of A as candidates for trans- 

lot-ion into the bjundinp form, v;e must include one 

associated with a positive component of the c vector, and 

i- if- r.o( unreasonable to choose a set of such colusms 

w';iich are already ;l.ose to having the bounding forra0 

C-:"■ is critical^  In lemwa 3 it was shown that elemental 

traasfo.cmstions o;r the first type (row subtractions in the 

•abie-u matrix) would always suffice to keen the variables 

nonnegavive0 Hence elemental transformations of the 

second ype (row additions)« which require special cir« 

cumstances before they are permissiblep are not strictly 

r.eccsba :y..  They are,, howeysr, frequently desirable« 

Die reason is as follows.. We refer again to the formulation 

of Leirmia 1   in which 'he transform R is applied ro pi*oblem 

(3) to vaeJd (4),, Consider the effect of the transform R 



r'w   ■■,.. r; riM .:.s p iven by  7 wR""   when R is equal 

(; 

:r   ;■!■ 

1;-,. 1 

■C4'. 

L   1 'v iV i 1 

i': 

t  ;. 

''■'.!■(■■}   T!'"
5
 .»nd   r£s  are   inverse  to e, cli 

.»■ ^ 

I - z   :.s  trig  same  as w in  every component 

■>■ ■/'        When K ~   r, " we have 2    - w    ~ w  9 
1 ^ S        s        r 

i.>j'.ii.i'\f; c;t"(ipoti.':!i Ls et  z  and w are  the same0 

. i i isFofmai ui'i1   of   the  f:.rst  Kind we are 

? ■;   ■ lie  ■■•oil   Mo.' yaiue-j of  the variables^ 

1   c ■>■■;   ..'f   th? second kind we  are generally 

In.sofd7   a5  raisin»   -he solulion values may 

.''■'.■■ '-:?:;-jfi   is  needed   ro   'ocate   the consi rained 

: .   ;.■';:''.  :,ddj tion;; would  seem to be preferable  10 

'.iors wl en   *-ley ar>; a'/ailablc      This surely is 

, '   by  a   row addrtion  ir   is simultaneousiy 

:..u:  ;i.  ;::rf  L'.ons'rain'   ro    he bounding forta0 

;*   COCO no-   exhi.us'   the  tally of considerations 

!.■:■/   rhr arg'imenf   just   indies ted„   it 

two methods for adding a column to  the 

-.■:   :ha'   recFuired  fewer  row sub-fractions 

äPb:-       'hi   t" j   a'fter  hflnd,,   Uns  .is  highly 

i'.'t   :ui(:u'  rcij s'jbtri'-c f ions will create  ntw 

ire. ■     iiigher bounds   'han will   bo crented  by 

pt'jii'-t)   ' v- gKie.'er ^e1 f.:'Ci ivity is  to  t rv   (o 

[■;■;   fisr>;ticf!   VfCtor as   large  as  possible  for 

S'. en;   liktjy   to  find   their way   into  a 

Pi;; c;.u: 

;d CM' C- 

e.- i ' h. r 

f'.,ri.   fii!- 

.sea! a (i('D Ti-'thcd   is  in   fact   the  power 

■ !'d   if:    he   "cir. o'her cons U;erat ions 



should be Rade  suborcina  e  to getting as many rows and 

columns of A into the bounding  for«! as nossible» 

C'3 is perhaps tn easiei; choice,  for which experience 

may  provide an answer.,     the "'iesT3"r;   is simp?, 7 that   of wheth- 

ef  !<i r-pply 'he tienic escalaiion me'.hod  is soon as, a bound- 

ing  f: r-i is r.reBi ■•:-:J v  or lo ve ,i i   ?nd   try  (0 build a   l?rger 

3 rucrL;".?    for  the method,,     Jn ui'ion suggest« »hat for easy 

ncobienii   ih-s  so i u   ion may wel*   De found by a  few  simole 

S'Pris De tore n  complex bomdiup t'crv is createdo    On the 

o^her hivndj  for hi'rricr problems it couUi well be  'hnt  ■'rying 

'o advance    ownrd   tlif  solution bef  re v nor.d bounding form 

is ere«" ted would b? a was'ed effort  in  'he sense  tha-    he 

e;5:u;lr't iots method, will   take    he variables up  '0    he same 

t'oin'   in  rou^hiy  the   joicv amount  of  'irae in ; ny crse, 

Liaiited  ejiperience wiTh  problems  cmrll   enough  to  be so i ved 

'!>/  h.'ud   seems   ', 0  tuipäün*     1 lis no^iGn, 

O'-t  i.pnears a    x'^xs  noint  not   (00 critical^    whenever 

;vn or Ri.rc  coiumn;; of  rhe distinguished  bounding  fo-m uiive 

ilicis   :'C;-it:ive comoone.'it;?   in  : h<   sarr.f  row,  one expedierst 

tiile  fVj; dc'coining  »-vinicr1  une.   '< 0 use  in  'he m^xiinal  s  oform 

hi  dimply »o sclec-     -he columr; associa cd vifh the  largest 

fJeneaf   in   'he c  vector,,     rhi.-j rnigh*   rrrsfinf.b y be mi-.r.e 

siibordifü. tg   to P   rile which gives  first   pre'erence   (o c •!" 

ur:nr,   i;;, •   are not   i-ocated where  the I raa*rix was  'ifjfrin.: Ily., 

;,incc' iv-  %•&■>,'  u   ?> f r. e ^ <'i     y   nx'^ed   c  nstrnin  3 derived   fmrn  the 

cfi'.ginai   ;■ ;>'nega ' ivity  res' ric' ions to fu1 W'-aker    han  '])e 

oiiier?.,      ■.  -'icrr   rc-'an^d   ru   e   vou U1  h?    ,> ,■.; pl'j   t^r; 'if-.iti d of 



lemma  7   "0  r 11  columns of   : he di st inruished bounding  fortn^ 

ra  her    hrn oM:y  "0 <•   nriMe  iubforra»    Comple  e  reduction 

could   bo  c. ftjf J   'mV   nsin^  tlKose columns whose  posirive 

co!T1ürterr s v.e  c   •Jiiiqae  io    heir  rows,   «intil  none were  lef' 

ha    c  "id   I'. ci'TiLi'. el ' be usedt     <-he delayed choice could 

ihen b.  macie b    'ici^üg  frooi a  se1   of eligible columns  'hat 

li.-.ve  ■   eii   ncKjitivc   .;  'nncüen s  in  1 he  same  row  the column 

so  riu:ts   in   : ip   '.e trinology of  lemra..   7S  h^/effj ~ max(h j/e •:)j. 

wliercj  j  rongf s  ever  i he  columns   indicated«     (Vve  reouire, 

of coufse0   thai'   'he?  rr^io be  Iiositiye0)    More refined rules 

IT.-V be  •invented  it"  tiie ne<d  rnr ■ )em arise& 

^   '} ^pgcif ic i_i2P,£iliH2 Hlä Hxample j'robLemso 

In ordrr   »o illuslra.'e  'he wirkinps of  the fipori^hm 

•At   vvi.i   r rbi'! rariiv «(--.tie on  u   rew simple  rules of  chyiceo 

The specific mei.hüd which  results may be om lined as  fo   lowso 

1,     .'f   the  -jroblera cl-es  not  exhibit  a  bounding  fonas 

7.-!  inmcj.i.o .eiy    o iru-.l met ion 2Q    ütherwiseB  identify i he 

n, ximr-'I  ;; !■. h I o x m H.:     if    here   is  a  c 'oice   to mr.ke among more 

th-n   'tie colurtin  for   iriclutnon  in £, give firs*   preference 

:o   li'-.osc  noi   initially  in  1 lie  I   matrix,   and  of    he  remainders 

sclict   the o if: asscci;"   i;d with    he  larges"  c^mnonent  of    he 

:  vvcofc.    Niake  ;ny   ,>' r-ii?sible  r^w additions wi!h respect 

vO  the co'umns  of A  r,-sociated with H0     (If step 3 has  pre- 

viouslv  Pert-  cr rried  o'.i i. v   exclude any  additions which would 

r-.-ver  .-■•  ,   .subtraction  ^er^ortned   in stet? 3.)    Apply   the 

b''Und  < ,c; iB   j ;I;I   ;>roc'  lur<:   until   all  oons'raims  of   the 

'i  iinrii;,1   furi.i  :'■   n   i s I'i rd,   and  nd iust   the c vectOTo 



2o     If '.:  la  nonr'f);:i'ive,   'he problem is solved,,    Otber"- 

wise,,  of "horse co; jmns j of  (he Z* rtnitrix •"or which Cj^Of 

Heiect   '.he  column J  which  has the  fewest  number of positive 

C|)'n!',oner)ts1     If  there are  ties,   rts'ric   J to  ihe tied col- 

umas  ;md  choose J  so  that c: = rr)ax(c:)p 

Jr    Consider only  those  rows of the  tableau ma rix 

for iviuch u-   yo,     i'icK ♦ he  lexicographically greatest   row I 

frora i.nicng   theißp   . nd  for cich  remaining  row i  resriced rs 

; bove evi.liu.   e  (a)  the   least    (positive  integer) multiple of 

IO'.V  I  wiiici) when  iubt.rjc  ed  from row i will make  r!ie  result» 

ing t:. .  non^osit ivcr,   (b)  the greatest  multiple of row  I 
J J 

which can be subtracted from row i  and  leave  row i lexico- 

graphically negative  in  the  tableau matrix»     I'ick  from  (a) 

and  (b)   the multiple  chut  is sraallest,,  crrry out  the'indi""\t= 

c..i  ;-ub'ractj.on  for ell  i  as defined,  and  return   fo ins1 ra3= 

lion 1„ 

,:'.ny ties not   ceso'ved  by  'he method may be  broken by 

selecting    he aliernnTive wi  h  the  leasi   iridex0    We    now 

solve    lie  fo1 lowing example  problems with  the method as out» 

lined,,     we ;;, ve  r'a rt it ioned  the  lables   to segregae    he 

•");'.ior,  cor.respor-ding  to  the  stoning identity marrix in 

o;dc!:   to Iteer1 track of  the solution values of (.he variableso 

Problem Minimize    10 w^    ■>    J4W2    +  21«, 

;ubject     o 8 Wi     +    llw„    +    9w9    rS-   12 8  n-j + 

2 w, -<■ 

9 wj •«• 

2 j 

2w0    +     Tw,     > 14 

6w-,     +     3w7 ,> 10 

w      w  j w, ?° 0 
Is     -      3 -" 



Co'utnii J defined in :•- en 2 is indicated by the crrow., 

-10 ,c 2 i) i 

~]4 11 2 P 0 

-21   , 9_ ■7 .....1...  fi _ 

0 1 12 14 10 '- 

0 0 

1 0 

0 1 

0 0 

• ft(M   ihe  fjrsl   Bjjpi icax ioii  of   st.er-  3,  we obtain  the  fol- 

CAving   ■.;.b"<:\,      ' fu:  c  vector  iu s been  rd iusced   by  iclcniify- 

i;if;   'be  siegle  clcmenr   maximal  subform defined  in ste^ 2 

(■■he  9  in   . ■(   H. if-jt   TO'A' und   four*'h column)»   and  obainlng 

., lie   ' O'.-.'cr b "nci   for  :■ ca a:;;s;ociated varip.bleo 

= J0 j        8 
i 

»4 3 

-.1   !      »7  r " 

9 

«i r, 

1 0 0 

-1 1 0 

»2 0 1 

-2 0 0 20  j      »4 10 -1 

.■c  se'j   ihat   ' r.c  left  h,. if of  Uiis   tabte is  the  example  fro.« 

b fi« u;<d   io i 1 Itiö'Ti.'i e   the   two methods underlying  »"he 

bovnd  fsca!:Mion  '••roccdMrt;,     Idcntifyinp   MK     WO by    wo max- 

ir.iai   i-id^o.'n  in   tiu    . hird   ü id   fourh columns,  wt   ^ lre<.iU" 

l.iu-w  t.!:a(     !ie  lower  ho'mc  i.o'inion  for ii   is riven b-- v;,(  =  3 

i-nd  .•     ■■   5=     ,.-] i;' ,t iiij;     lie  c  vector by  snb> rr.cl ing  3   times 

the firs'!   row a -d  5    iraes   'he third  row we ob'ain 

-2 -5 |      ~1 0 »2c. J.- i 

e  ■ ino ;r sw'er  ;0  'he problem is w-j   -  l8    w,., ~ 0 

:i r  ii-e&ed inn  t>'. oblen was  taken  from i 3 t ,  where i( 

wicd  'J
V
 Oiomory    n  cxeuclify his all   in'rger algori  hJ3( 



0,i 

' ':■ i: 

j i;i 

two ■iiflci'en     rnlt'.s of  choice,   he  solved   il   in 4 

nci  3  ' ivu  sv   rcs'it?: I ivr .yc     -See h.rr":ntiia   11   fox  ^ 

M.^lf. to ccmp.-t .i.'v'wn oi   the  two me' hods»)    U.-mp   : he 

riiifs of   clvjice a^ccif icri  , bovc,  ivc obtiiin   the t>. me 

:■   Cf      i.bie!'   ;s   I'uMliOfy   d'   :;-,   ,1'owin^   fcr 

■fclH' 

•jrer-Gfi i ~ 

ig!) we oücrifc on   rhf.3iri an üif'ercm 

V .:. o 

r.c  ü 

((.') 

.(:   i )i   "rcM-'i.t  >:   "rob I em for i.'hicli G'-no: v' s m(   luxi 

!(■■    /;<■'':■ ■ hi    sfeo ifnce ot   ^ible;   ob'.i'iried bv our mc-'ho1-« 

■ ■uidirrc? fnrmb a. ^'ic ia1 ed w,ith  tables  (2) üIKI   (3)  ire 

irrnrdiaiel y  fo'.o^in,^  tac rcsr^cctivc iables« 

■■■'C 1-5 n }   1      3. 0 0 

M 

10 

3 0 -1 0 

3_ 0 0 .....J. 
■J. 0 0 0 

«•). -.1 

1      I 0 

-   I 

-1 1 

=-] v.' 

«1 n 



(3) -ü 

-•1 

58 

0 

8 1 1 ü 

(,) ~i -1 1 

14 2 .,] 0 

0 -14 »-3 Ü 

0 

1 

..X 
-4 

S 

■1 ! Avv- A w-. 

.1-  6 

1 

8_ 3 2 

2  r4_ 

7 10 

■L  l-jl 

fj 8 

i ü 

MiG noceding er.iv.ple V>JI be used  to highlight  ;,n inter- 

':;.•: fi Hf; .'J I ttTna tc s p^l iccition of  the alpori'hm^     In ^he   ,ast 

S'epv  w .erc  Mie me nod of   ; eiam,   5 wa;.  i.pplicd  to  '   e 2>,^ 

mi-ixim."-1   :■ iibfi.jrM,   it vvouiö  have been ^o.-sibie +o  i'focoec1 

30.,i"-.?Kt',;■    (i.if ^ers^ntlyc     fbe  2X2 subfonn together wif'h  it; 

assücia   ed d  vector define  "coUapsed'' C(ins,>'r;jin: s  in 'eon- 

nepative variüblc.1   which must be satisfied by nny  feasible 

soluiioi!   to   : lu.  cc.ijplete  ::ro}'lr;Ti0     If we mrke   the  n'-nnr-g». 

;i   ivi  y   rest'"ictions  explicit  we can write  the   aubfoi'n) nei.  h 

..ii   ua i.-:-! neei   idfrit.itV  v-itrix*   as  follows,, 



c.0 

I 0 

(i J 

0 0 

■»5        a 

5 "8 

[ns(e:-d of u^inp  Che DounJ   (!*;cfo>.tion meiliod without inter- 

ii'Miü.,'1,   wc '.vill  work  with U-JS  r'X'"'; m'c-cl  [able yud  inpervenc 

v.l.cuv^f   no,-' ii !,;   to  «.a ke  legitim;   e  row adüüionso    We   then 

obtain   !lii-  'o1)owing seq'ientt' of tablesv where ai   ench step 

v.'-;' h::vf   ,; >■ or''f"-1 y  ;':dji!sred   tor 6  vector according   '. o the 

previous  tt^ble«  and   'hen made r-nv  legifimplc additions<, 

- 5 

4 

8 

-Ö 

.1 

0     i 

0 

.1. 
4 

2 

7 

-1 

1 

»1 

2 \ 

1 1_ 

■i =1 

0 

\(   sc-   ' rorn +);e   ■ c s i   T.ble    ;!o<    he value?  for  f he variables 

u'Acdi  satisfy  rh<   con?-r a i-'Us of    rhetorinina 1  ,-:A2 snbfor^ are 

(■■ and  ■•■!■,  wivich of" course r re ."lu1 same as gbtuined by apnly- 

i'."   '';■   rrp'jlar b'iund  esCc'U-rioJ! meih^du     The  ?moiini   of 

C";ru     .ion   fo"   :I;,s c-se Wi's  ye''h:ws  s'igh'ly more  -Jian 

'.'.■i   h  !:'i!;  rsfr.'l^r b'tur',;!  esc. 1?" ion  riK-   hod,   but  w-- note   vhai 

'■ ii  '^ ;'  f.r.xMt:^  nc-i   oi-cn  coniplete'v  solved   the fiwrc-ch 

j's.ii   iJ.i.ed  could   or  move udvi nU'^eous  (provided,,   f.s  io   Nu: 

c •.'   r';-"res   d;.,:    ■ K-rr  du   hmi  oi '.   fo   be J.cpi'imate  :cldi   ions 

i i.''i -.1 C1 



I/Oi 

■h'o.i  a?   thu    «.v   arc   ri/en   'he   frinsform which wi  1 

■^ i'   ■.!»€' r M ^ö> ; i ior >;  ;.n the comrveire table corrps- 

'   ca   tbo-so  .-..lif in   ■ he  ccliapseci   'oble.    As  in  'lie  ex- 

'■roMem,   i'    i;.   ^dcilrj  in  '-he Portion of  (he finrl 

!'.■!'■   l'::?,. ü  i'.s   . M.'  i< ■/•  it}' mi'■ t i Xa     Miking use oi   this 

t,';    ; ■-   :',;fo  ;.-f' c •.. i vc  fence»   '-jrces  I'IS wi   h.^ve  sfonö 

' i;;     ns  pc.-n rr i s v   Und  to   ' owr r  c he po^arion vylues 

! r ir ; rn v:' ■• i H&' es , 

if     nt   '■ri;.i;c,j>-   ex;'.jlo  firob^pms vere auit^ simn'ic    o 

i-')  will)   ^'u.Ojy'i  i fgüritlim (wnich  required.  5 nivo^s 

blf.:''   .-'1  v.ivi  il-.v a If. or .1'bs» ntesented in   (nis  b^^rr , 

• ur   E J     h;;i    ■'; >   ':. nu?"  problems    he notemirl   efficien- 

iv.r     l">or:.'ntn   ! ..   büjrd  on   '   e bound  escalation me'hoüv> 

* ■;   :;   ;-jg   'at   e/' i-n;-; ve   fn'^do;»)  of  choice   :jvi .i tfb'(■   in 

;■>•'•'   ''; dc'/'.'la» "^nrK:'lboiridxiii/   ftrms   .,     lo  rive ar-   in- 

■ i   ■;     -:.   :■  ■>(•;•-•.   i.?,: ,  vt  v>   1 ^   conc'nde uur  'TCRcr!; tion 

■•  cj  :v.s ,':       '.j.   I'lf'T  u-   -icii C'.omoi'v's nie' hod   t'mds   -ome«" 

.',.     '-e,!   • ip   -i!  tri-   mle r.-f ehoicUc 

(   i       S '. ;, .•••■■•       {_;• ■;'!;'     bO't'rld      C J-C I    1 ;    4 1 !'Il     fflf'/ht'd 

nd i-^'-X pi vc-f s 

;;v;'   i ru  ! ca- 

0 0 

1 0 

0  1 

0 0 
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.Icnce     he  fin; 1   values  for  ^hrse  variables  are   (29     30    J4)t 

which r;ives  *hc adjusted  c vector  in  t;iblo  Ci)., 

tkc.usc of  the s'-r.c c'.cvotci 1o their rcpresenfitiuiis 

i    m;.y t-( cm at   firs+   pli.nce    ha       >(   r. m^iri.'ions  required 

u'ifVi  'he second  .si üf e of    he bound cpcclation mi, ?hod r re 

excfssivtc     üowcvrr,   rtflec inn wi 1     bliow tha1   a  number of 

s  eps of   th.« J   5CC'ind  i.u.{*e m; v be carried  out   in  'he i-.mount 

of   iime  normally   rc^'ii red   Jur  ;:|.'iiip!e  pi\ot0 

The  preceding prob'ems  rre nwi    io suppesc  in any dog- 

tnrtic  f r-hion ho,    ! he nerfcrrarnce of  nur method  ind Gotn'Tv's 

rlfori'hm arc   'il.ety   io comni.re,,    ft*  Appendix  11   .vrrrues, 

ihere < re  reason^.   ;o tel'rve  ihr;   Gonnry'?  aljrorirhw may 

pos-iibiy  be   'ore efficient   for .-.irple problems which both 

mctbods   e; n  handl«    re !«t iv;-" y  easily,     However,   some  problems 

uhicli   -r.   dif icu.l*   :o handle wi ■ h Gomnry's  ;.:'gorirh!n   should 

noi   be   too  f'ormid. ble wirh  the prescnr cxlc,   ; ;•    the   U ST 

exrmpiC   .^ow.so     Gn   L0   T'ompson  hrs  found  a  Three variable 

three inenui.'ii  y probiem  for wluch Gomorv's alrorirhm rctpiires 

üver 3 lUO  njv'o's.    C'ur ? Irorithm crcr'e.s a  3X3 mr xim; 1  sub- 

fnrm  f »'cm  'he pfblem  ir   f ur S'eps,,   ; nn  the bound  esc; Irtion 

nr'CCcur'    ^p.^'-cd   'o    his  ;.(bf'orM is  then able  to mrnufi cture 

he s-in ion in nc srme way i ha' i.; handled 1 he 'i'lird ex- 

rmpli pr'blcn above,, In a rel^trd vein, 'he amhor has made 

; siiuiy of Gomorvv; *. 11 intefcr ■il'-oriMim and deve'oned a 

^\:--"t ( -i n^-f tecisnique based on concepcs similar (o those 

unJcrl ying ',he clnorithm of this p.'.p'er which sipnifict nf ly 

rcd-iccd lie number of fiivo s ornin; rilv required to ob'ain 

. n  oil !■•*. 1,   solutiun   (s  e 2 ! ).      vhis   technirue  m; v also 



30 

be  coupled with   the present  algoritlni a^  n  .'•■trategv  for 

accele c?t irif; cdivergence, 

l-\e have,   in   the  foregoing examples,   u?ed  a very  lir-ited 

rule  of  choice  in  order  to keep the  exposition  f-imple,, 

^n   view of  Itraroa  2,,   there i.'   a senfe  of  universality about 

the elemental  transf oxmatiotis   in  tijeir  applicat-t-n  to  this 

problem,   sc  that   a inajor  avenue  tov^rd  gaining  control  over 

the integer programming  problem may  lie  in  attempt?   to 

if arn the  best  vnyi-  of  manipulating  tliere  tranpformritions» 

Thecirenp   about   the ex:u tence  of   boundiaf   form?,   or  of 

i>ou,Tiüing  forms  \, itli  certain  value   for  obtaining  n   problem 

t olution,   anc   the 5>rucnce of  transf orrptions designed  to 

locate them,   would  certainly  be {iepirable» 

An alternate opportunity for manipulating the isroblfia 

structure to obtain a goal bounding form may be to create 

derivative  inequations by adding  together positive multiples 

of the current constraints,-.    For example,,  the principle of 

Gaussian reduction  in  lemma 7 could be applied in  the 

absence of  a bounding  form so  long as no subtractions or 

divisions by negative numbers were permitted.-,    fhus  it 

might  be possible   to create a  set of constraints  (or even 

a  single constraint) considerably nearer  the bounding form 

than any  in   'he probiere  table9   and  to use   these derivative 

constraints as wcJ i. as the original ones as a guide  for the 

additions and subtractions of  rows,   and   the  subsequent 

a1   era« ions of  the c vector«,    The derivative constraints 

wou'd  no    have  to be   integrant   since 1hc" would necessarily 

consis'   of   ral ional numbers,   and   the proofs nssuming integral.! 

would   rrnaj/i vaiido     It   is conceivable  that  a  technique 
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which combined   these consider;'". ionv uith a  good  rule for 

'.-.electing  Ute  e^enit-t^tn I   T^ansforuiatifins mipht prove ouice 

effective  fer certain classcf of  pmbls'nSo 
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01    te :.«*■ '< i.' IR ic o   for   t'nc';   r ann  s 

(f ?  &),   f.    and   l'^ ate inverse  to each other.-.    Since 

each elemental   transfer"^ lion censiota  entirely of  integers. 

fhif.  also  im[ii?:-'i   tlr..1.  boUi R and K"
J
  aj'(   iivefra!.,   hyuce 

'he  :cla t ions/iip /":  -  w'-'R"-1 gives  thai   either of 2* or 

mf* must  be jncegfir wii.en   'lie other one  is,,     The direct 

correspondence of feasible solutioijs is observed iraxnediately 

by substituting w^R'"'   in  (4) under  the assumption that w* 

is feasible ir,  (3),   i'nei by  substituting z*R in  (3) under 

the assuBipfion  that  :>*  is feasible in  (4)c     Finally^  if 

w* 'is optimal for  (3),»   then 2* must be optimal for  (4)K 

/•• /•' or else there exists; a z for which z(\\b) + b,.  ,f   z;*(Rb) •*■ b » u u 
and  hence wo ■*- b.-. /   w^o  4  b,» where w ~ zR0    But by  the 

forej'oinp:   remarkSi. w is also a  feasible solution of   (J)t, 

H'i'iich  is  a cont radio t ioHo     i'Tte converse proceeds similarly--.. 

rj05.L 0.i t-emma 2.,  vve must  handle  lemma  2 in several  pas   s . 

j^emark £..   If R s-uistics lemraa  1  for "he i^'e^er programming 

fu-obte:n of  fonoulation  (i)s   for ail A0,, bf,  and cu satififying 

ihe  finite optiy;ality restriction^..   Mien '(. must be  integralo 

'lS-Ooij   Prom formulation   (l) v^e arc given  that  A  =  CA*'       ij 

o and c   -   -.c      0),,,   so  that v/e may  rtwri'e  (3)  and   (4)   refepec'- 

i v £ i y    ;.. 3 

(3a3      Minimize v;b ■*  0 
0 

0 •-      0 subjec-   t') wA   .<- c'  ft-iri  iv ^ ().„ 

( 'ia )      M. nj.ini^e J- (Ub)   »  b 
(,j 

t-ubjtc:    in  z\li\  1 .>. c     and   #'& 



Sunpose that b.^>  0 lor each coraponent of b and A = R^ ;, 

Then (3a) and (4a) become 

(3b)  Minimize wb + b 

subject .owrr1^c0 ajid  V'*-Ofl 

(4b)  Minimize z'JVb) + b 

subject to «^, c  and zR ^ Oo 

We w-i ; I show that for the proper choice of c problem (4b) 

must have finite optima when each element of b is positiveo 

Consider c0 - c in (3a), where c is integral and has 

all positive cofflponents8 and let A
0 = lo Then (3a) and (4a) 

reduce to 

(3c)  Minimize wb j.- b,v 

, A 
subject to w 3sc and w ^ 0, 

(4c)  Minimize z(Rb) ■*■ b,. o 
subject to z:R > c and zR ^.00 

We see that (3c) is trivially and uniquely optimized for b.>U 

by le*ting each component of w equal the corresponding 

component of c.  But then (4c) must have the finite optimum 

given by z -■ c ll"  -.     Prom this we may conclude that any 

chuici: of c which leaves t'e solaiion set of (4b) nonempty 

aiöo implies that (4b} has finite optimao Evidently (4b) 

raus! have finite optima whenever this is implied oy the 

conjvac!ion ol xR^-'o  and the objective functiont, 3ut 

( ic) has the same obj'.-d i%'e function and the existence of 

A 
l. ira'(   optima   tliere  m implied by zR^. c    and    ZRA00 

Ivinct:  c :.v iiv  zR ,?'c   its-^Hes 2R3-(,v  and  ^ the latter 

inplict  the absence cf firiite optima the former mas!   also.. 
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But since (4c) doe:; have finite optima, we tcaxlude by 

contradiction that (4b) does tooo 

Wü now show how we may obtain a further contradiction 

by assuming R is nonintegral and satisfies lemma 10  If 

R satisfies lemma !<, then the optimal solution c = c R"~ of 

(4c) must be irstegral given that ^he optimal solution c of 

(3c) is integral^ Vve observe moreover that z = c0 = c^R" 

is a feasible solution for (4b)p since substituting this 

value in the two constraints gives z =• c0 ^ c0? and 

A 
zR = c R = c ^ 0,, where the inequations are more restricted 

than we have shown theajy but in any case satisfic-'o Now 

suppose that R is fractional in some component in the 1th 

row (r- )o We select c large enough so that c + (r. )> 0„ 

and define z* s c0 + (0 0., oc,l. 00 „O), where as before 

c0 - c R"1^ Then 2 is a feasible solution of (4b) since 

clearly 7*~£-  c0() and z^R = c + (r^ )>0 satisfies the 

second constraint0 We no'e from this last that whenever 

c is integrals, z*R is noto But the feasible solution of 

(3b) corresponding to '"*  of (4b) is given by w* ~  2*R8 

wldcu contradicts the assumption that R satisfies lemma 5. 

rhcretorep R must be integrale  (We note that if c0 ~- c *   (ü0i 

then z*  is also an optimal solution of (4b) for which the 

corresponding optimal solution of (3b) is nonintegraLc) 

Remagk 2U R satisfies lemma 1 if and only the deterwinant 

of Rp  iRj - +1„ given that R muse be integere 

Proof:- If |R| ■■•■ _+]>, then R is nonsingular and has an inverse,, 

hence given that i' is integer lemma 1 must be satisfied;. 

"n tiu; othttr hanciB if K makes lemma 1 true,, R" musr fi..:i£rk 
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and by a reapplication of the reasoning of Remark 1 we 

know that it must be integral.. But  JRj \K     \  = \A     ~    i- 

Since the determinants of integer matrices raust be integer s» 

we have \K j ~ j iK    \     ■- +1, 

Remark 3o We need only consider She case where ^R^ ~  l7 

since by reindexing two rows or columns ss the lemma permits 

us to do, we may change the sign of the detensinant if it 

is negative« 

Remark ^c    We will denote the transpose of a matrix by the 

prime (9) superscripto Let h be a column vector of R (or 

any integral column vector)..-  Flien there exists a matrix X 

which can be expressed as a product of elexoental trans- 

formations such that h'X1 - (0 0 000 0 k) where k is ponitive.. 

Proofs We need only to show that the renark holds for 

h" = (ho h )0 If h and h are both positive or both 

negative we may proceed by always subtracting the smaller 

(in absolute value) from the larger,; giving a stricrly 

monotone decreasing sequence of absolute values until,;, 

(since they are integer) one of the components is zero- 

If we are left with (g 0)R where we do not specify who'her 

g is positive or negatives we may change it to (0 g) bv 

the sctfuence (? i))B (g g)B (0 g),, using the obvious 

additions and subtractions* If we .'i-nd up with (0 t.-;) ~   (0 »k 

we may obtain (U kj by the sequence (0 «.k)t, (■••■k ^-k)it 

(-k 0), (^k k), CO \-)0 If h and h are of differen» 

signs v.-e may firsi add the larger in absolute value lo the 

smaller and proceed as beforeo 

Remark 5.., Using the method of Remark 4,, we m-y create ar 



X which  is  tiw'; prod'tct  uf elc-menral   trönsfonnatir.ni which 

iviiX   ' rant;:: urn' R  into   i'te identitv matriXo     Lennna. 2 fo'lowc 

i,.   oiu t-u 

i-'roof.     Sflpct   (us;   tho.  last   column  of  R„   and   rcü1. >::.'  all 

coaipuner-'s  !'0 ^ excf?pi   ".he bottom one which  we  leave 

'-■osicives     Then move   ty  the next   lu  tlic last  COIIIUJO of  i';. 

and e^-l'tdf-:  t.'ie boctom rrow,.-  accomplishing  the r<arae  ros'ili. 

with '.'''s  in alt   rows excepf  the nex'   fo  las'   and  po.u.sih':y 

rhe  las'-     Since   rhese   row additions and  subtractions co 

no;   involve'  the  last  row,,  none of the O";;  in  the last 

column wil1  bo changed,,    Repeating  tids pi'occss'o   eventualiy 

all   eleraeiUÄ   'o the  right  of  the main diagonal will   be 

zero,,  and all  elements along the main diagonal  positiv« 

excepi   possibly »he one in +he  first  row.,    Vve knovv  cha     'he 

determinant  of  this fini.l matrix R is given bv   |x i'f ;~   jXMRl    :;- 

1-i r; If  since  the dei etminant of each eleraental  f ransf cciu.'i t icr. 

is I.     Finding   the value of | XRJ   by cofacrors of  rhe   las' 

colufin..   «iC see   that   ihn bottom  element  on   the nain diiii:oa::i1;, 

v^iich  is positive,,  tna^i   he 1,,  and  its minor aus?   ai.;,o I'C  ) ■. 

hr^'COfxjiiig HU'JCSSSAvely  i rom minor to minor we anvly  the 

s.^K' .',SKM{tTür'nt   so üec  tha.!   ail   the diagonal   elenents r":st 

be  1.,   initludi^ig  finally   the  last.       Thus we mav teadi ly 

m.-.kc  all   f o;r .■ A.tnp  nv'f!ijiafp>ua 1   r iV ries  in   'he watrix  Z.-VD 

hv  a-l^iuii  : r  sub* rac i irj<!   'he approprialc  imeger ffiuJt-lple 

;.■ T   ;::i.>  i • ,,M (.ni.ii   • ; ero-i s^     Hence   ■c  have   found  s  :M-.i-;hr ^ 

of e'ereen^ai     ransf'.jraations .X ssich   : ha {  X R :=  l.,     LeiMrif* 



VI 

Proof of Lemma 3* Since r^s and r^s are inverse ro each 

other,, when U = ff5 we  have z* = vir* T^Sp and z* is  the same 

as w* in everv component except z * = u * + w *<,    Hence 
s   r   s 

z* is nonnegative whenever w* iso When R = T ^^ z* ~  wVf^,. 

and z* and w* are the same except for z * ~  w * - vv *, 
s    s    r 

Hence we must assure that z *  is nonnegative in some other 
s 

wayo In the constraim zdlA)^ c,, we have the Jth column 

of RA the same as the Jth column of A except in the rjrh row, 

in which we find the new coefficient (a . * e .)o Under 
rj    sj 

condition (ii) of lemma 3 this coefficient must be nonposi^ivc,, 

as must all other coefficients in the Jth column except 

a .0 We may rewrite the constraint associated with column 
sj 

J as 

a    z    > CT    +    L(z  » k ft s),, where L is a aonnega!ive 
sj s "   J k 

linear combination of the z.   for k other than So    Since for 
k 

any feasible solution w* of (3) we have z *  = w * for k ^ So 

and since c , "2 ü by (ii}8 z * must be nonnegative in order 
J s 

to satisfy the above constraint,, 

Proof of Leimna 40 As long as we have two positive integral 

elements in the Jth column we may always subtract the one 

in the lexicographically larger row from the one in the 

lexicographically smaller row while maintaining both 

lexicographic ordering,, and by letaraa 3, nonnegaHvity,. 

Since al Iccst one of the positive coefficients in the J*h 

column is reduced by an integer amount a* each s'epv. as 

long as note   than one exisiSj, eventually all but one must 

beconu: nonpositive^ 
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1'roo/ of Lemmii. 5^o Because of the fomi of Dj, each individual 

constraint from (he constraint set wO ^ d taay be writ ten 

in ilie form d. ,w. > d, •* L(w %  k d i)  where d  is the 

uninue positive conmonent in the Jtli column of i), and L is 

a nonnegative linear combination of the w for k p i0 

Since B contai'iS ex&cly  i Iiose rows of H in which The 

positive components appear» we may rewrite the above as 

bijxi^ dj + LiV ^ S^ i) -'  L1
(w

h5 
wh ^ \^  where a^ain 

b. . is the unique positive component in the jth coluran of 

Bj, L is a nonnegaiive linear combination of the remaining 

X. , and L is a nonnegative linear combination of those 

w which are no? represented by any JLO Since we require- 

any feasible solution to be in integers?, wc may wri1e 

i\c know that each of the x. must be nonnegatives hence if 

there is anv d. that is nositive we obtain a nosJtive 
J 

lower bound for the corresponding x*o letting L = C0 

But as soon as this lower bound for some x. is known.,, then 
i 

we mav compute a lower bound for the L associated with 
0 

each of the eher ä.6 hence giving new bounds for these x.,, 
x ti 

as  in  step 3 of  the method of  lemma  5-,    If we wish   (o 

refrister only the incremental values given ID the >:.   in 
i 

each step we nay redefine each d. to equal the old d. ■*■ L , 
J j   ^ 

As long as any of these adjusted d . remain positive v>c. 

mav increment the Lower bounds of the corresnonding x.,3 

Hssuraing the feasible solution set contains finite points, 

tiie process must eventually stop since we  acj incrementii>g 

1 !;c variables bv integer amountSo At this point the const faints 
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of the original inequation wl) ? d must all be safisfiecl.T 

for otherwise one of the adjusted d    would still be positiveo 
J 

Proofs of Lemma ö and Lemma 70 We combine the proofs of 

these two lemmas since the justification of the method of 

.lemjua 7 proves bothc Vve assume that we have adjoined (he 

identity matrix above £9 so that when we have completed 

the Gaussian reduction we will be able to identify the 

inverse matrix B  of the submatrix B of E which has been 

canged to an identity matrixo As stated in lemma 7 we 

assume that id is indexed so that its positive elements lie 

along the main diagonale Suppose h. > 0 and we carrv out 

Gaussian reduction by the method of lemma 7 with the jtjh 

column of Iiu We will denote the values of the coefficients 

af'er 'he reduction by the prime (9) superscript„  Then 

the formula for the reduction as it affects £ and the 

adjoined h vector is 

ik 

e /e.  for k = j 
ik jk       J 

* e ., "e. ./e . . for k ^ j 
ik   jk ij jj 

where i ranges over all the rows of E0 S.imilarlyy 

/ h /e.  for k = \ 

CD 

(2) 

(3) 

- e 0h /e   for k / j    (4) 
'   Jk j jj 

Frovn the fore of £, e  ^, o if and only if i = k. We v-ill 

sliou that Mils relation continues to hold after the reductioa 

with the possible exception that e , becomes nonpositive 
kk 

wren  h     ,:.'   Uj    i>ince e.    is positive,  obviously  the   Äilove- 



mentioned srelatio« is not changed by (1)= In (2) we observe 

that e.. is always norpositive, and e. . is nonnositive 

except w'f.en i = j-. Thus e Q e /e.. is nonnegative for 
jk      ij    JJ 

i f j«  and subtractinp .t!  from e      leaves e    <! e..   for i ^   ■ 
ik iK-"    ik 

If  i  =  jp   then e   '  ~ e      - e    0  e    /e   . -■ 0.     Thus the 
J* J^- JJ£       Jj     JJ 

reduction  .insures  vha^  none of the e,,   which v/ere  originally 
-in. 

nonpositive will   later become  posi'ive0    Since by  this 

method we  are always dividing  through some constraint by a 

positive eleEcrit   (e.,)9  followed bv adding a nonnegative 
JJ 

multiple (-e. ) of the resulting constraint to each cf the 
jk 

others,j we are preserving the direction of the inequalities 

of the constraints of each step,, Mofeover, for the s?me 

two reasons, the inverse of the original matrix which is 

being implicitly calculated in this fashion must have all 

nonnegative comnonentgg since the identity matrix begins 

nonncgativec Final!y„ because the inequalities are preserved, 
o 8 

e  cannot become nonpositive for b, >0 or else the fact 

that the variables must be nonnegative implies that the '■■'  -. i 

feasible solution se' of the problem is empty«  Thus the 

method of lemma 7 is well-defined,, 

The form of the constraints implies as in the proofs 

of ihe preceding two lemmas that the variable y associated 

with fhe ktii row of ,i; is bounded from bolow b" the 

relation 7 > /h /e. . /0  The corresponding value for 
- k ■-" \ k &&/ 

v •, (with j idontified as above) vail be unchanged by the 

red'.:'.: tion step .■•.incr.> r. /e . . ~ h ,/e , .0 We observe by the 
J  JJ   J JJ 

followjjig   il;;-..':   :\u\   teuer bound  for Vv   M ^ / J must  ei'hcr 

JMCtion  step or i,'ay   'he   same  CproviJod increase Dv    r-c  rsriMCCjon  step or sray   'ne   same  \\ 



o      /  0),  Since e  i« nonposi i i ve for K /-   ]    üIK! sine 
kk ik 

wc  < ..in:v  o in;   rejclnction  step only when ■■.).,,   vC   SC: 

t ron  (V   Miat   h      -> h    for k /   'u    As poiiued  out   t'-rii :Lf. 

f      <:  •:1       for  k  /   );,   hence  h    /e     >: h /c      .   as; c; i-in.:;.i 
Kk --    kk k /   kk "     k'   kk 

ivhen   riir  procost  is  conipietcd  we ^ j I!.  I:av(   i:;.rr;^.i 
r 

..si! ■     he   te^.ictj ■!)   step ui'h  every column   re;' which 
if 

.'O.SA ! i ' 

for    v 

U!   rha ; ,   e 
U 

for  these columns,-   and   'h 

i? 5irai)ly piven bv v    ">/h 
i. 

L,e 

11 M. y   f .i v e ■ i   u y   y      .?• ^ n      / ^ 

deno'e   ti;(.; vector consistinf'   of  tteti   pesi f.".. y;, 

.-,      by d   ,   And   K r  u  üenote   rise  onpinal   vector C0;:res,''.-rid iu,' 

:o  h  ;:s d    corresponds   ^o h  0     By   the nature  of   rhe 

'Ja;i.':si,. ii reductiin method, d    is  the  solution of   the 

(■vj!.;.-.t ion  xU  = <is  'vlsere  3 is  the  submatrix of  l: v. . ici:   ; .s 

: r- ;•:, r •:. rnied   inro   'he  identity rnatrix in   The  r-recess ot 

!'"'-. op.; ;;■■' a   tc  d   r,   and x corresponds   4o 8  as  v   .-.orresoon-- s 

; o  iit,      fhni-, w^  have d'  = d  ß"  „  and wc  sec   '"hat   J    is   '!,( 

tarf   as   'he   r  vec'or defined   in   iemna   6C     ur  have a ^ t c ,\i',' 

■'■ ■■<-n'-n   i::;;ir   _   *  v.;,..'.car.ii  üf ;;on^cg^v.iv?j cor.::;v'.;e::v :^     Wc 

;'is'    finally   rd'ioo-   tha-:   no   reduction  w.PiCi    crca'es  an.   {■'■<.: ' i   *■ 

'oi'i'iA  eii   ■.•£  ,-J  difforetit   ivabfsatri'; of t ui. ■ 1   imrly  a 

■ . 'd;es   ya ; :;■   roc   any   y   , 

iir.-o,   v.c   ^ ;.i"f i ve  tliat   x = d    sfaislacs   ttte const r;': ir ■ i 

>.   i :,   [ rov.ided   \»'-  do  not   reqijr«.   x   r c   ;,e   j i:-put' .   'u-e-. 

; n    f.;!".' !     ■'■    O   :-"   d .        /\ y    i:    rro TO 

11 e ,e : i   ,i   •:<     ■ .IO ,   ■ i '    i s   a ! so   a   so I;. t l   n   or   s   i.'.  -   h.   '0 i'j'e 

era ■   M opert y  of   tiu 

l.   '.■':.' 

-.0    •!■.,! 

1j d„   and 



li,.   aru:  i;e;' :v c,     iy,  :\   i \ä ■ i ■■.■   i ■:. ,1   'i 

■•;■'. r t; \ t. i 
I'.. 

11 (■ 

i ( ;> 1 

'■ * 

ti.ii 

M     Ui     !15,,;'- i:   i 

C'j::.:H>n :,'1U S   : .''V',   .•; i I 

.ji/;f!   I".-  n;>n!U'f;at xvc, '; '.--invC   ':u    rt'   'i'\.\rn 

•T'.''■■: r V:   nie d i :'►;'.■ t ji"n  r,1   '!.,■  isv*-"ria1. i <: !-"■ 

3     w.'jcrj   c'-e   ' .; ; :i     COiunr,  v<;i,:",  al!   i.-n:? 

>rii::i\s   i.s  'iscd   lt*«.>r   ref'.ctiint   we  K-i-w   t-af 

■  ■;■•;.•'r"'itl J   a .'•'f-'JC i M t e<i  Aim   !')i5  Cobirri    ;. ~ 

i!i-'   f ■. alible  sci'u'ii^n  rie;   of  t/i?   ::',vr!.<j. 1 rs; 

!irT'=    v • : !     alwav'S    f'X i S ■     tt    ;'0? .V'' v VC'    "'j-in^ 

!, »' C    i. r „   a; i 

- pomi w: CT.
:
 i ,c s^ec .; 

.i.! i a I. rrr (.-cii' f!'i a'no'Hi; 

':• " i.V.: (it ; ' is ^ >t «Ire 

'■.     ..:i.'i;;,ü   '=      ;: i 1   oi;-.'! 

i >,- ) 

■ii':,- t,^ 
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?<   ■■ion.i<\;'ci: .vp   viit; \nii-s,     f^en   if d     i 

;:.   ■ ■■■.      ■  ■ :L i   ^   io   ;■.   Ü   •   ■',.-.        IRI;-   .i' 

m?. I   vector 

r    ;-•■   «hat 

' i     HOW' 

to   X  ■■'  ■■-  '.I,    ^uiCl!   w-;:  Kr>o-.   JoiS   no*   cx:i^i.t      Hn"    'he   rcJjU. 

d B       •- d    .i J.  .ilso   rru^c     i1nise   pivcn   t'.iti"   <3   is  '•'■•:;.i' jvr 

and   (i,,(i  <i    has a  no-pa! ive component,   B"^  mus'   c  ntain a 

Cor   'he   'as1   5?f.p wf;   rule  out  usinp  anv ro3u~n   for 

I'I'.:!:.!.: 
; ion  al1   of whusi'  '.:'-.?.\i-<>r.eni$  in i.   hnvt-  hoc; r-e  no»;V5f,i. 

flie/ij,   s'Janr;?: i an   r^d • >" t-.i ovi   prrs-nrvps   'he dJ.rcc ti;.-n  of   Tlie 

incnuti'it les,,   an;!   f:pv  va'ues  for d    w! scJ't  are  oDiajnnd 

uy  f'r   nripg  ^n   ir.crrtfv   'natrvK out   of   ■] ^ist   rive   ! fpi: irra 

{n'fiFT   b'r.uvif.   i >r ir-r-   d">"rr!r?fi s : »^  co'npon^n-s  of   yt,     If  Rny 

of     !•• so   I'a;;'«1?.  arf:   rfr.a! i^r   "ha^   'hese   foisnd   bv   the  rar'iK-d 

■-jf   h  ■■■     ■„   -AC nsvj.  a  c^r' r. ..i ict Jon,   ;;jnrc   ine   laMer 

v,,i,s.-^  Co  in.  i :u:.i   .s.i'ijfv   all   'he c'ns i rft ints.     rthilr   s(,m<~ 

'. IVf 

d   lentna  7,   ; :   c anno'   no 

.!:.o  i!.   ,..11   :-r   ^;^:'.; ;T   at   ;■     art;   "O-iiive vs.';. r h ("■■•.; t   i!-,i5   ä.e^ng 

-.   v:: =-r •!■'. i;;.^ i:: f ; .;.i,   or   ■.•i! ■■'■S3   -;   SJ:   'he  fame  as  B*   af'cr 

r; • i .       r:' \\  i>*   ■ ■■  ■irur.Ci.   .t'l'd   t   t:   'roof"   is   con'Ie'ee 

'•■••',d   ■ !   ..i.-n:-;,:   ■•;.,     |*ne  •■;;*■ ^.,r■■■! of  this  ■''roof fellow.'- 
     ~ '■- -" i ,-    j    ■<■ 

.:'.•■:.   i.r •".',■,■   ti-.f  i^ • ■ f-; n  o'   5"b s t i t nt .t oTil t o  S'-OH
-
 the corrc-;".-' 

-i       fi '■*'    If ':; 

■•or;(ietit<   ofTc'-.i..":-,I   s. l'.!*v;ns<,   as  is ".5cd   in  r-rovinp   lerauR 

"r;;-f    r.f '.■     :H-J that we rr.Rv use  ■'■<? no'a'ion of   'cmna 

;;.?   : rob! era pi ven   .i n 

the   cc'-'rk'-   five;:   an   '::•■■   n, ;ic - , 

■ r t .'/S .     SO i ■■! 5. I '"''l 
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zA  --    Oj     '"has  if  i*.   is  t lit  i rimsfonnation whjch changed 

th"   tableau m;trix of   the orifrinal  ncoblem  ir,:o  that   of 

tSie   [ina'ig   . c   have by   lemma   1   that   »he  optimal   solution 

oi     :.c  nrc-Dlo-i ;'iveu  by   the oripinai   tableau  matrix  anc 

l!;..'   tiuai   c   vcC'ür  is   ■■"   ■-  /*K.     In   Uns case,   sincu   C"   :- 

v.'»  •-; 0 also,,    ive now se< k a vt.ctor w0 so i hat  the final 

c  vccior c... and  the orifdnsl c vector c   may be relaied 
r ' .1 

by    c    = C    - _ AB  and   the  final  b.   eaual   to   riie original 
P        1 u 

';■•    rlus w'bo     n>cn bv  lemma Ss  riven   thm  (v is  the optimal. 
0 

^olutiun  to  the  problem 

Minimize    wb  * w% + b 

subjec1    'o    vA vs. C,  - w A 

we are assisted  that v* «  w'0 is  the oncimal   solution  7o  the 

origins]   m'oblem 

f-'.iv.iuize    ub  '■  b 
0 

subject  to    wA-S* c.l0 

.>iur-;;  v    -  i%   ' hr  onrif.al   solution   for   the  orifi^a!   nrolilem 

^ <■   s^rvly  -v0,,  nrovidi.^    hat  such  y, w0 exists-,     We nov.   •.hi--.-. 

:l;3l    ':'':;:,   if.,   th«?  casSo 

Jn   r'u;   successivc  s'f'S  of   ..S'eri.'u:   "lie  c   vt-"   or  ■■< 

or't .urs  nrw  values  tor   i's cofit-onentSc.     tc-'   LUT. denote   the 

tirj.t  .-.   vrrtcr c.  fcv C,,   'ho secono  b-- C  „  and  ?o  forth,, 
;. .i 2 

vJcr rc.s'M'ru! if.gl v,,   let   us denote   fhc   first  w    nscd   'o chaiu-c 

;:-,   '•'-'■ ^„ by  W      the second by iv   ,   ere..,   fhen wr have 
i 2 

C.,  = c     ■• W A 
1 1   1 

^,.   ■'  C^   -  h.A,, 

(.;    . -i:    - rt.A 
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■-•iioro  iS.   iiciio'c».  for eacn  i   the A v\; ' r.ix of   :'c  prü!>iem 

;•. •   r't'  innn'   uhv--  C.  was  c!';i   red  into C.   .. ;i     i'r'ira   ftio 

f   r;f'ri';:' C-,   -   C     •"  W  A     -  G     *  ^   A     « W  A   »   and   in 

ßeneral    C.       - C    » V« A,   - W A    <= r, co  » w A   =     But  eaca 
i*5. 1 1   1 -'  ■ i  i 

A:  w; s obtained   frosn  the original A by  some transformation 

R.s   50  chat by substituting A.   » R.Aa  wc obtain 

C.   ..   =  CH   -   (WR,   ♦   IV.R^   +   o.o   *  W.R.)     Ac 

Hence  le'tine; C.   ,   eauai  c„ we sec   that iv0 exists and  is f     x * l P 

piven bv w'J ■■■.-. w R    * W„R.   * oco  * w R  =     (nie identical 
i   1 /-   i .3,   i 

sequence of  reasoning  usinc b  in  Mace of   A and  b    in  place 

of c   slews  that   the v;    which translates  the original b 

in'o   the  final b    ♦    w b  is  the same as  'he ore  jus:   obtr> ined;,) 
U 

Rarirer  than   ■ ry   IO comnu t e w    by  the  nreceedinp exr-ressr ri„ 

•■'i.       . - ■. , 

however,,  we nav  find n   more  readilv by  rosrrictinr c,. ami 

c    to  those- coranc-nents of c  associate'.': w.i M;  'he orifrinai 
A 

constraint?; wlsät. 0.     Ae denote   this   res'iricted   C    "cr.'  :   „ 

and  obtain    c    ~ 0 *. w ■ I „   sine?'  the  restr ictee  c,   is ■  /^u   'C 

!■" :cc  t:i; oi'timal  solution  to  the original  i'roblein is 

3 :(■■!',? i ■ j;'^  as       =■ c   .•.     .■ ;i J t;  Dr'".'es   tr.e  lemra.; 



X-,' 

'''■''ÜJ   2i   LHÜil1!'   I-'1-      -''"^   ;ir0!::f   o!    Miis   if.-mnui   is  (^Aven liy 

'.'- i'iii Gomory    ü '.U-P.onsf fate  the coni/crpence of his a) I 

I'l-'rer   11 r o r ,i • hm   ',scM' | HJ   ),.     Wu v.ilj   not   renroduce   'he 

ri-v.ii   p<'.e  sir-'-'f   fhe   f raTs'atif.ins of   ferninolugy  fi^.tcr- 

c< anp.inp:  rows  and  columns,   repLicinfr   ! f'xir.ofrai<hic  ;-'Osi' ivi'>■ 

b1'   nr;;a t ivi * v ,■   subs'ituting  bounding  form for pivot   row) 

ntv straigh! "fonvf.rd. f torn which the applicability of the 

rroof as  it   appears  in {3]    is  immediate.,, 



(k>mory°s A11   J_nt_£g_er ;i.I-i'or3i.'liE;     ,x2IIirar^§9Il iU.^ ("0'Li rLsl 

A i. t ;;(,':c,h Gomorv develops his  all   intef.er  al ror i' in.i 

iü   ■tT'.\s  o    üiial  variables   and  pivot ine;  operations,   it  may 

be ex^iairitvl  very  simply by means of  the conceals i resenr.-j 

in   this  papejfo     Such  an  explanation will,  be useful  for a 

clearer uriciersfand-ing of  the  relation of  the  two algorithms,,, 

As win   be shown,  Gomorv's  algorithm may be regarded  essentially 

us a variant  of   the present  algorithm  in which   (i)  freedom 

of choice in applying  the elemental   transformations  is f.A- 

.'-,.'■;',« d  for a  restricted   routine  to insure methodical 

progression  toward a  solution with  each  step«   tul'- afi f.?3 

a»-!'lying   :!ie   restricted  r'nl»?.,   a multinle of one of  the 

const raining  inerjuatiens  is  added  to another to produce  tht 

type of constraint  manufactured  by  lemma  4 in which  exactly 

one coofl icient  is  positive,   (iii)  a*'   rov; additions 

pos.siblf   in   the  new  constrain-   are  carried   nut,   ant]   (iv) 

the  U)W(.'r bound  irnpl icü   for   the  single  variable wit!»  a 

pcfit ivc   ^oef<'icie.;t   in   this new constraint   is  calculate.!, 

arid   Mie  c   vector  adjusted   accordingly.. 

.ve  h  ve   indicate.]   for   '.hv   firs'   exan'd.c probletn   in 

: '.ctien   V   M:aJ    the   re5.' ri c f .;■.!   version  of  o"r method  obiainp 

L'.e  sarii    senuencc  c>;   'ab'es  as Gomorv's method.,      Oiis   is 

•■■•■'■   e-'.tircl'/ accident;'.!        I'hc   simn'f   rule   for  row subf ract iijns 

■■   id:   ..(.   se-e;, led   for o,-r example method  is  the  same one 

which  GcT'orv"'.  methoci   u^e;;   in   'he  first   stage  of his ' ivo 

o|.Kjration.     Houeve;;,   because   the   two  methcxis opera'e 

£ot(;v.:utt  ei { f ercn ! : y  on   C-'f i ven   'able,   the  actual   row   s d> 

i r.ie t a   ns  ^iva ■. ' ab ] e   to  eai !\  mav  not  coii:cide  a f ' e r   the   ' ; r s ' 
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few s'ev<So    Moreover^,   the rules  for  rou  additions with 

■'•e   -wo methods are .slightly differcnto 

Prow  Che standpoint   oi   our algorithm  these differences 

are'   pirnarily differences  by design^   while  for Gomofy's 

method   they are mainly differences of necessity,    une  reasor 

for  this,  as wc have observed,   is  the  limitation Goraory's 

aigorithm imDoses on  the  selection of  elemental   t ran.«; format ions 

in  the first  stage of  'he pivoting processo    Anolher reason 

is i>n  equally  strong  limitation imnosed on   'he second  stage 

of   ''ie  pivoiing  process,,   in which Gomorv's method  uses  the 

strategy of combining   iwo of  the problem constraints in'o 

a new  one  in order  to find  a  lower bound  for one of   'he 

problem variablrs^     (I1   should be emphasized,   in  This  reg;m!8 

lhat Gonory^s iilgoritlun is not  actually divided  into  'he 

"stages" we have   identified,  nor is  i(   designed,   "o  employ  a 

''strategy'' of combining   U.o problem constraints   to  finti 

lo'-.'cr bounds  for certain  variableso     'i.c have  psn   this con- 

s'met i   u  on Gomory's method   ro  explain  it   .in   terms  of     he 

ideas develomd   in   'his  paj.>er,   though   'he method 

cvo'vt;.!   ! ro;'i a  somewha'   differcn1   se'   of notions,;) 

Bo'li  of     lie   limiiations we  have  indicaied   rt: s-1 '   fror- 

concessi   ns   to   the  pivo'inr   rationale carried   over   frotn   'he 

^•irio'ex algorithm,   wiijch   requires   the c   vector   '« be  alten'.i 

a'   eacii   -Ucp,     Thus   "he method   ignores   the  possibiliiv   that 

Some  synthesis of  constraints o.her   than   the  one   i-   ony ovs 

may  occasionally  be  nort  desirable  for  exoe^i   iug  c   nve r pi. m ;..•;, 

'v;c:i a   poshibili'y  is noi   only  meaningful   in  oui'  a'g'jri'h.-0 

buf   i.--   sugges  c'   bv   ;he  method   of   lemir..    V _   cU:  vi.   1,   v  atr, .:oy 
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fhc specific wav in vjhich Gomory's me+hod accomn'ishes 

the second s^afje of   Mis pivoting process may be described 

as   c'ollows*     llic   firsi   step  is  to  sflect  an  unsatisfied 

constraint   J  and  carry  en»''   <;he  row sub'ractiuns defined  in 

step 3 of   Mic example me+hod in Section V0     Uy applying 

these operations  fo "he constraint w . . 0>w
viich is alwavs 

available implicitly if no1"  otherwise«  an inequation  is 

obtaJned  that will have negative coefficients in every  rov. 

where  the Jth constraint was originally positive-«xcepi8 

of co'.'ise,  in ro\.  To     fherefore»  some i(-'<:-,:t.ijy.'ive multiple 

of  'his   inequation when  ;..dded  to  the  reduced Jth constrain' 

will  make a new constraint  with all coefficients nonpositiv« 

excepf  in  row Ic     Prom the  latter constraint   a  lower bound 

nay be obtained  for  the  tun   w .9  and   the c  vector adjusted 

accordirij',ly0    We  present  this  procedure  explicitly belov.,- 

Gem o r v 8__s A11  I n t eg er A Igori t h n 0 

1.,    Pick, a positive comnonent c    of c.     If no more 

cxi&t   the problci"  is  solved,, 

2o     Anply  the   row  subtractions defined   iu   step   3 of 

she  expi'ip e algorithm of Sfct\iori Vu 

3,     Carry out   the  transformations nor   only on   fiu- 

rerular   rablca-   ma'r,ixv   but   also on   the  adjoined const r.-t':i 

c.o]-:".r\ cot rcs"unding   to  the  inen"ation w '^£.0-,    .vdd   the 

s-tal'cs'   nonnegativ;   tnultiplc of   the  rcsu'tinf  const rai nt 

to  t;e   red'iced  Jti:  column  which will  make  a no-,    const rai r; 

having  exactly on:   positive coef f iciei:' ,•. ., 

•i ■     Make  al'   permissible rot; addi t i;.tis 1* ttie new 

consi" rninj ..   ob'üt'i   ■   e   lower bound   foj'   t\yi    nev ^   -.   ad'rus' 
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:'.!? c   -rctur,;   and  retnm  to  ]- 

r1:!';  'his  .i!   c. n more  clearly bv  se^n wherr;  tiic   i wo 

a  roiiMiPiS differ^     We ui:l   now luizard  a g'^-Si.   or   n.o  ;:boni; 

w-'ia'   r::i\'  ru,   cxneCfni   from   this di ff et ence.-,     By  iisini':  u   ;■'■■.;■- 

-i'. ; ,. r-ini.;  si^rii'  rtJLe  ioc   reducing an  nnsa' isf ii'd constraint v 

Gom^j/'s alf;or.i'.hio sh>»uld be   faster  {provided we do not  use 

at. equally simple  ml")  on  problems which  both methods 

find   relatively  v.vs'   to solves     For harder  Problems»   the 

r.l. rive morirs of  the  MO metljods will   depend on  a number 

c   CiUsiilefat-'ioiiSj    Generally speakinns   '"he efficiency or 

i.ie: i icii ncy  ol   our method as compared with Gomory?s win 

Uencncl   oti our  nbilitv   ic  set   dp bonnding   formst   eithe1   by 

a  siup' O'-spi.nded  stta^e.^y of applvinff e'omenta!   ' ransfcTr.;. t ion;- 

orv   as   5'if ^esu-'i   in  Section   Vw   hv c-nbirnnf;  sue'    a  S'ra'of'^ 

tv--';  n   • c-jhii-p'e   f   r  creating  new cons? rain-s.     At   '.he 

i':v^ ■':;■■,,   bv  c ' ;rjin;. > mp   'he ma tor   pur"'   of  choice   in   Uoti; 

a-■-!,;' s iii .;, „   ot;r r;;" ; ;.'>■.! w-^Lo   become o^ite  siroidar   oo (•^'K-r   ".s, 

.hat   we Vi'ould  ccnDn'-e   lo  re he bend  c':c.i!- 

f   :rii 

ins'ead   of  i>d':a i uiür   'ow; r   bounds  bv  dealing   ,.;■■; 

Sir., in'       '    ;:    i iree. \nK,   '.-.ould   be   ar:   r.ivat't ■"'-   ^.'■;';. 

-■  p'ria   t   1; )':•;:: in;'   iorios  were   encoonteret;^  bi;'.   'he 

ro;:u'   ' ■■■  create  arid   then   identify   Uu   te'.ndinp 

■;'.ild con^'itJtf.   a comparable  tlisadvari' a<re  ii   in   i^ct 

-':   ■■■..■>   r.-ircly  possib'e  to   find  one ronsis'inr;  of m'ire   'ha:! 

;■   .s\o('. io  c- '■ •!".:.     Aionr   'he   sane   'line?,   i'   rur.-'   h---  :"0:n   ;■ : 

o',1    ihat   ti;c   ( rcodom o(  choice   :iva3   ,.ble  in  o-r nethod 

run-  r,.    a   li.nbiiity  a«  v.idl   as  an   assc ' •,      'l.is  oil'   cer,:iiu,ly 

: :   .■ ,       ■ :■        .   r,   :i   h;:: i!*   i '   o'     -rob.! t •- o   r-i   iCr   ' hr    ■..,      ■ •■   .-. 



>l   'I,;'   n'■'.■ injnc  pro'"1 lews  would   'lien  be deluvcti     i:n,> p. 

,i f ; v   ■■■vai.'   assCRj.iriCTi  ,.      I'll?? onlv   rca'»   aaswyr   : o 'hi'.e   is-i'es 

i"  5'    >f   ''oMrsu'  come  f r •;.>:.i cri:rürical   rosut's,,     Ifte «ui; ''re ■.'..(! n.y 

I'.-of.ri.'inilnj-'  ou,   moMMd   for   'lie Bendix G-20,   anu hOfH.'   to 
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